This paper provides an analysis of RC and RL electrical circuits described by a fractional difierential equation Illustrative examples are presented.
Introduction
The application of fractional calculus (FC) has attracted the interest of researchers in recent decades. FC is the generalization of ordinary integrals and derivatives of integer orders to arbitrary orders. This topic is nearly as old as conventional calculus; however, these ideas seem to be quite sophisticated and not easy to explain, mainly due to their lack of relation to certain common important physical concepts, such as velocity and acceleration. We provide examples from many areas of physics, engineering, and bioengineering based on derivatives of noninteger order [1] [2] [3] [4] [5] [6] [7] [8] . FC provides an excellent instrument for the description of hereditary properties of various materials and processes. In comparison with the classical integer-order models, FC produces effects that are not considered, and this is its main advantage.
Modeling as a fractional order proves to be useful, particularly for systems where memory or hereditary properties play a significant role. This is due to the fact that an integer order derivative at a given instant is a local operator that considers the nature of the function in that instant and within its neighborhood only. On the other hand, a fractional derivative takes into account the past history of the function from an earlier point in time, called the 'lower terminal', up to the instant at which the derivative is to be computed. Fractional order models have already been used for the modeling of electrical circuits (domino ladders, tree structures, etc.) and elements (coils, memristors, etc.) [9, 10] . Unlike the work of the above-mentioned authors, in which there is a direct passing from an ordinary derivative to a fractional one, here we first analyze the ordinary derivative operator and then try to bring it to the fractional form in a consistent manner.
The aim of this work is the generalization of RC and RL electrical circuits using fractional differential equations. The generalization of these circuits yielded characteristic behaviors of a cap-resistor, memcapacitor, and memristor. This paper is organized as follows. Section 2 briefly reviews elements with memory: a capresistor, memcapacitor, meminductor, and memristor. Section 3 presents the basic definitions of FC. Section 4 examines the construction of fractional differential equations. Section 5 analyzes fractional relations in main passive elements. Section 6 presents application examples and, finally, Section 7 is devoted to our conclusions.
Elements with memory
Traditionally, electrical circuit theory was developed considering three basic elements: resistance, capacitors, and inductors. Leon Chua in 1970 found, from a mathematical point of view, symmetry principles between the four electrical variables of a circuit: current i , voltage v , charge q , and magnetic flux ψ . Chua predicted the existence of a missing element, the memristor (short for memory resistor) M , M = dψ/dq . This element describes the relationship between the magnetic flux and charge. A memristor is a resistor that changes its resistance depending on the magnitude and direction of the current flowing through it. This device has the property of conserving resistance even with an interrupted or eliminated current flow. This memory capacity gives the memristor ample possibilities of an application in the manufacturing of nonvolatile memories with a higher integration density than current ones [11] . This device has captured the interest of the scientific community due to its capacity to function in an analog way, as would happen in synapses in the human brain; it is considered that its multiple applications will give rise to a technological revolution similar to the one produced by transistors in their time [12] . In April 2008 the Stanley Williams research group, working in the HewlettPackard laboratories, announced the physical realization of the memristor, which behaved as predicted by Chua in 1970 [13] . The cap-resistor was proposed by Reyes-Melo [14] . This fractional element defines the intermediate behavior between a resistor and a capacitor, v =
where C is the capacitance, R the resistance, q the charge, and 0<γ ≤ 1. This device displays a similar behavior to the constant phase element, which is commonly used as way to correct the deviation from ideal capacitors and for characterizing the electrochemical properties of biological tissues and biochemical materials [15] . Other authors [16] presented differential and integral operators of fractional order in the modeling of relaxation phenomena in semicrystalline polymers; the cap-resistor describes the viscoelastic behavior of certain polymeric systems. The memcapacitor offers a link between the time integral of charge q and flux ψ, ψ = ∫ qdt , and the meminductor links charge q with the time integral of the flux ψ, q = ∫ ψdt, namely capacitors and inductors whose capacitance and inductance, respectively, depend on past states. Various systems exhibit memcapacitive or meminductive behavior, including vanadium dioxide metamaterials, nanoscale capacitors with interface traps, or embedded nanocrystals [17, 18] .
The theory of mem-elements has been extensively reviewed [19] [20] [21] [22] [23] .
Overview of fractional calculus
The definitions of fractional order derivatives are not unique and there are several, including Riemann-Liouville, Grünwald-Letnikov, and the Caputo fractional derivative (CFD). In the Caputo case, the derivative of a constant is zero and the initial conditions for the fractional differential equations have a known physical interpretation. For function f (t), CFD is defined as in [4] :
where n = 1, 2, . . . , εN and n − 1<γ ≤ n. We consider the case n = 1, i.e. in the integrand there is only a first derivative. In this case, 0 <γ ≤ 1 is the order of the fractional derivative.
For example, in the case of f (t) = t k , where k is an arbitrary number and 0<γ ≤ 1, we have the following expression for the CFD:
where Γ is the gamma function. If γ = 1, Eq. (2) yields the ordinary derivative:
The Laplace transform to CFD is given by [4] :
The Mittag-Leffler function has caused extensive interest among physicists due to its vast potential for applications describing realistic physical systems with memory and delay. The Mittag-Leffler function is defined by:
where a = 1. From Eq. (5), we obtain:
where the exponential function is a particular case of the Mittag-Leffler function.
Construction of fractional differential equations, an alternative
Several authors replace the integer derivative with a fractional one on a purely mathematical basis. However, from the physical and engineering point of view, this is not completely correct, because the physical parameters contained in the differential equation should not have the dimensionality measured in the laboratory. One possible way to clarify this is to replace the ordinary time derivative operator with the fractional one in the following way:
It can be seen that Eq. (7) is not quite right from a physical point of view, because the time derivative operator d/dt has a dimension of inverse seconds s −1 , whereas the fractional time derivative operator
To be consistent with the time dimensionality, we propose the use of a new parameter σ in the following way:
where γ is an arbitrary parameter that represents the order of the derivative. In the case of γ = 1, Eq. (8) becomes an ordinary derivative operator. In this way, Eq. (8) is dimensionally consistent if, and only if, the new parameter σ has a dimension of time [σ ] = s. This time is called cosmic time [24] and it is a nonlocal time. Another physical and geometrical interpretation of the fractional operators is given [25] . The fractional operator is defined by:
Then Eq. (9) is a time derivative, because its dimension is s −1 . The parameter σ (auxiliary parameter)
represents the fractional time components. These components show an intermediate behavior between a conservative and a dissipative system.
Fractional relations in main passive elements
Ohm's law states that the current flowing through a conductor between two given points is directly proportional to the potential difference as well as inversely proportional to the resistance between them. The mathematical formula can be written as follows:
where i(t) is the current flowing through the conductor measured in amperes (A), v(t) is the potential difference measured between two points of the conductor with units of volts (V), and R is the resistance of the conductor measured in ohms ( Ω) . The current is the change in charge q with respect to time t. This current is defined by:
Taking this into account, Ohm's law can be written as a function of the charge q(t) :
The idea is to rewrite Ohm's law in terms of the fractional derivative. Using Eq. (9), Ohm's law, Eq. (12) becomes a fractional Ohm's law:
and when n = 1 and γ =1 from Eq. (13), we have Eq. (12).
New parameter σ has the dimension of time [σ ] = s. There are two possible cases relating to this parameter. The first relates to an RC circuit where the product σ =RC is the time constant of an RC circuit and its dimensions are in seconds. The second case is when σ =L/R, which represents the time constant of an RL circuit as well as its dimensions in seconds.
First case: If σ = RC and n = 1 of Eq. (13),
when γ = 1, Eq. (14) becomes Eq. (12) . When γ = 0, Eq. (14) is
Then Eq. (15) is the Faraday law for the charge stored in a capacitor.
Second case: If σ = L/R and n = 2 of Eq. (13),
The derivative of Eq. (16) with respect to time is:
where i(t) is the current. If β = γ − 1 in Eq. (17) we obtain:
and when β = 1, Eq. (18) is:
Eq. (18) is the Faraday law of induction. When β = 0, Eq. (18) becomes Eq. (10). Eqs. (15) and (19) show the existence of capacitive and inductive properties in the resistance. The following section describes the RC and RL electrical circuits using fractional differential equations.
Application examples

Fractional RC circuit
Below, a fractional RC circuit and its generalization are described.
The RC circuit is represented in Figure 1 . When applying Kirchhoff's law, the fractional differential equation for the RC circuit has the following form:
where
In this case, Eq. (21) can be called a fractional time constant due to its dimensionality s γ . When γ = 1, in Eq.
(21) we obtain the ordinary time constant, τ = RC. Let us assume that q(0) = 0 for any time t,
where V o is a constant source of voltage and u(t)is the step function. Applying Laplace transform to Eq. (20) with zero initial conditions, we have:
Applying the inverse Laplace transform to Eq. (22), we obtain the behavior of the charge respect to timet:
where E γ (t) is the Mittag-Leffler function.
Parameter γ , which represents the order of the fractional differential equation, can be related to parameter σ , which characterizes the presence of fractional components in the system. In this case, the relationship is given by the following equation:
and if γ = 1, then, from Eq. (24) σ = RC, which means that there are no fractional components in the system; that is to say, it is a regular RC. However, in the range 0 < γ <1, or the equivalent 0 <σ <RC, fractional structures are present in the system. Substituting Eq. (24) in Eq. (23), we have:
, which is a dimensionless parameter. From Eq. (25), we obtain the voltage across the capacitor:
The current is i(t) =
dq(t)
dt . Then, from Eq. (25) we obtain:
Given the values R = 1 MΩ and C = 1 µ F, we simulate Eqs. 
Applying the inverse Laplace transform in Eq. (28), we obtain the behavior of the charge respect to timet :
where E γ (t) and E γ,γ (t) are the Mittag-Leffler functions, andt = t RC , which is a dimensionless parameter. From Eq. (29), we obtain the voltage across the capacitor:
dt . Then, from Eq. (29), we obtain:
If a = 0 in Eqs. (29), (30), and (31) we obtain Eqs. (25), (26) Figure 10 shows the hysteresis curve for the cap-resistor element. This curve exhibits a memcapacitive behavior (memory capacitance). After the transient, the circuit behaves as a memcapacitor in the steady state.
Fractional RL circuit
The RL circuit is presented in Figure 11 . R is the resistance, L is the inductance, and v(t) is the voltage source. The fractional differential equation for the RL circuit has the following form: 
It can be called a fractional time constant due to its dimensionality s γ . When γ = 1, from Eq. (33) we obtain the well-known time constant τ = L R . We assume that i(0) = 0, and for any time t, v(t) = V , where V = sin( ωt) and ω = 2π 60. Applying Laplace transform in Eq. (32) with zero initial conditions, we obtain:
and solving for I(s),we obtain:
Where V (s) = The intermediate behavior between 0 < γ ≤ 1 for voltage and current indicates the existence of another inductive element, different from the ideal inductor in the RL circuit shown in Figure 11 . This behavior indicates the existence of the memristor element. The hysteresis curve, shown in Figure 14 , is formed due to the current through the memristor not varying linearly with the applied voltage, unlike a resistor that follows Ohm's law. For every voltage value we obtain two possible current values. This behavior stems from the memory effect. After the transient, in steady state, the circuit behaves as a memristor.
If Eq. (35) takes the order of the derivative as 1 < γ ≤ 2, it presents the behavior described in Figure  15 ; the current versus time shows an increase in the current if the order of the derivative γ increases, indicating a nonlinear resistive behavior in the system, which is characteristic memristor behavior. Considering again the order γ of the derivative as 1 < γ ≤ 2 in Eq. (35), there is an increase in load as the order of the derivative γ tends to 2, showing the typical behavior of a memristor where the gradual increase in the charge leads to a nonlinear increase in the magnetic flux [20] .
Conclusion
This paper presents the generalization of RC and RL electrical circuits using fractional differential equations. The generalization of these circuits yielded characteristic behaviors of cap-resistors (an element showing intermediate states between capacitor and resistor), a memcapacitor (memory capacitance), and a memristor (an element exhibiting an intermediate state between an inductor and a resistor).
The generalized Ohm's law (fractional Ohm's law) allowed us to find a direct relationship between Ohm's law and Faraday's law for the charge stored in a capacitor and induction, according to the time constant
The cap-resistor exhibits a behavior that appears as a result of competition between a capacitive and resistive element (Cole type behavior) characterized by the fractional order derivative of the applied voltage.
In the special case where the initial condition is zero for the charge and current, the RC and RL circuits behave as a memcapacitor and memristor element in steady state. This has a zero-crossing hysteresis loop, charge-voltage for memcapacitive systems, and current-voltage for memristive systems.
The generalized RC circuit (in the range of 0 < γ ≤ 1) exhibits a behavior similar to the cap-resistor, which can be used as an equivalent circuit in the modeling of processes where the behavior of the systems shows competition between a resistive and capacitive element. For example, biological systems, polymeric systems, and, on the other hand, the generalized RL circuit (in the range of 1 < γ ≤ 2) exhibit a behavior similar to the memristor and can be used as an equivalent circuit in the modeling of processes in which the behaviors of the systems show competition between a resistive and inductive element.
The fractional components change the time constant and affect the transient response of the system. We also found that there is a relation between γ and σ , depending on the system studied.
A meminductor and a memcapacitor behave in the same fashion as a memristor; for a meminductor hysteresis curve (current-flow) there would be various current-flow relationships. The meminductor behaves as an inductance, because for every magnetic flow value we obtain a current value. However, to determine this we need to know the memory of the device. In the case of the memcapacitor hysteresis curve (charge-flow), we would obtain various charge-flow relationships, with this behavior stemming from the memory effect.
The approach presented in this paper will enable a better study of transient effects in electrical systems. The electrical circuit will provide a robust framework for studying the bioelectrical response to transient stimuli when an equivalent electrical circuit has been used. Furthermore, we have extended FC to the study of electrical circuits and the notion of memory devices to both capacitive and inductive systems described for electrical circuits RC and RL.
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